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Abstract

Unlearning in diffusion models aims to remove
undesirable data or concepts while preserving
the utility of pretrained models—two fundamen-
tally conflicting objectives. We propose a prin-
cipled constrained optimization framework that
formulates unlearning as minimizing the devia-
tion from a pretrained model, subject to explicit
separation constraints from the unlearning dis-
tributions. Specifically, we formulate three con-
strained optimization problems based on reverse
and forward KL divergences, and likelihood con-
straints. The first two generalize existing ap-
proaches for concept and data unlearning, while
the third offers a novel and natural formulation
for unlearning. Despite the nonconvexity of the
KL constraints, we establish strong duality for
all three problems, enabling us to explicitly char-
acterize their optimal solutions as unlearning tar-
gets and develop primal—dual algorithms for each
formulation. Experimental results demonstrate
that our KL-constrained approach achieves supe-
rior retention-unlearning tradeoffs compared to
weight-based baselines for concept and data un-
learning, and that our likelihood-based approach
matches unlearning effectiveness while better pre-
serving retained concepts compared to baselines.

1. Introduction

Generative diffusion models have emerged as an effective
approach for synthesizing high-quality images that resemble
training data and capture underlying concepts. However,
this expressiveness also raises significant safety and ethical
concerns, as such models may generate inappropriate con-
tent, including copyrighted material (Carlini et al., 2023) or
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harmful content (Schuhmann et al., 2022). While policy-
makers have made progress in regulating the removal of
undesirable data or concepts from trained models (European
Union, 2016; Goldman, 2020), it remains an open problem
to develop effective technical methods to achieve this goal.

Recently, the classical concept of machine unlearning has
been introduced in the context of diffusion models (Cao &
Yang, 2015). A standard approach aims to retain the utility
of pretrained models, ensuring high-quality image gener-
ation, while simultaneously preventing the generation of
specific harmful data or concepts—two inherently conflict-
ing objectives. This principle has motivated recent empirical
advances, including concept unlearning (Gandikota et al.,
2023; Feng et al., 2024) and data unlearning (Park & Park,
2025; Alberti et al., 2025). Often, these works employ
the simple practice of balancing two conflicting objectives
by combining them with weighted sums. However, such
weight-based methods are inherently ad hoc, as the weights
are treated as hyperparameters, making the approach sensi-
tive and poorly generalizable across scenarios.

In this work, we take a principled constrained optimization
approach to address the conflicting objectives in unlearning.
To do so, we view retaining the utility of trained models as
minimizing the distance between the trained model and the
pretrained model, while preventing harmful generation is
formulated as additional constraints that push the trained
model away from specific data or concept distributions. As
a result, the tradeoff between these objectives can be system-
atically characterized by a Lagrangian formulation. To mea-
sure the distance between two models, we employ reverse
and forward KL divergences, which broadly correspond to
concept and data unlearning, respectively. We summarize
our key contributions in three aspects below.

(i) Problem Formulation. We formulate a distribution
optimization problem that minimizes the reverse KL
divergence to a pretrained model, while constraining
the reverse KL divergences to the distributions asso-
ciated with the concepts to be unlearned to remain
above user-specified thresholds. Formulation (RU) cor-
responds to unlearning at the concept level. We then
consider an analogous optimization problem based on
the forward KL divergence (FU), which corresponds
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Figure 1. Heat maps of a three-Gaussian mixture before/after unlearning one mode (Right up). From left to right: pretrained model,
reverse KL-constrained unlearning, forward KL-constrained unlearning, and likelihood-constrained unlearning.
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to unlearning at the data level. Finally, we formulate a
distribution optimization problem (LU) that constrains
the expected likelihood of the concepts to be unlearned
to remain below user-specified thresholds. This con-
strained framework extends the unlearning objectives,
thereby revealing their commonalities and differences;
see Section 1.1 for exact formulations and discussion.

Theoretical Analysis. Although the reverse and for-
ward KL unlearning problems (RU) and (FU) are non-
convex, we exploit the convexity of the image of a non-
atomic vector measure to prove that they are strongly
dual, rather than relying on standard convex duality. In
contrast, strong duality for the likelihood unlearning
problem (LU) directly follows from its convexity. In
all cases, we explicitly characterize the optimal solu-
tions, which serve as principled unlearning targets; see
Figure 1 for visualizations and discussion. A key impli-
cation of strong duality is that the unlearning problems
can be solved equivalently in the dual domain. This
enables our development of primal-dual algorithms in-
stantiated with diffusion models for each formulation.

Empirical Results. We demonstrate the effectiveness
of our constrained optimization approach for concept
and data unlearning in a text-to-image diffusion model.
In concept unlearning, our method achieves the same
degree of unlearning while deviating less from the pre-
trained model compared to equal-weights approaches.
In data unlearning, assigning the same weight to every
sample to be unlearned leads to excessive deviation
from the pretrained model, whereas our method learns
optimal weights that ensure unlearning while minimiz-
ing deviation. Furthermore, we show that our novel
likelihood-based unlearning method achieves a better
tradeoff between unlearning the target concept and pre-
serving the retained concept. This allows us to perform
strong unlearning without deviating significantly from
the parts of the distribution we wish to retain.

1.1. Summary of our problem formulations

Within the optimization framework over the probability mea-
sure space A, we outline three principled unlearning targets
and defer their exact characterizations to Section 2. Here,
q € A denotes the data distribution or the distribution in-
duced by the pretrained model to be retained, and ¢° € A
denotes the ith concept or data distribution to be unlearned.

Reverse KL-Constrained Unlearning. We minimize the
reverse KL divergence between the model p and the refer-
ence ¢ to ensure that the model is close to the reference. To
remove the m undesirable concepts, we impose m reverse
KL divergence constraints, each encouraging the model to
stay away from an undesirable concept encoded by ¢.. To
ensure this separation, we enforce a lower bound b; on each
KL divergence by formulating a reverse KL-constrained
distribution optimization problem,

minimize Dxp(p|| q)
peEA : (RU)
subject to  Dxr(p]l ¢%) > b; for i € [m].

Problem (RU) aims to minimize deviation from the pre-
trained model g—thereby maximizing model utility—while
forgetting undesirable concepts. In Section 2.1, we capture
a solution to Problem (RU) as a ratio of distributions,

(e
N VN PIB)

where {o; }7_ is a set of non-negative exponents that bal-
ance the relative importance of each model. The subscript
rev stands for reverse KL. The solution pj, reflects unlearn-
ing by reducing the probability of sampling in regions where
qi(-) is large. This idea generalizes the concept unlearning
target in concept erasing (Gandikota et al., 2023) and nega-
tion generation (Du et al., 2023).

Forward KL-Constrained Unlearning. We employ the
forward KL (rather than reverse KL) divergence to measure
the closeness between two distributions. To do so, we obtain



Unlearning in Diffusion Models: A Unified Framework with KL Divergence and Likelihood Constraints

a variant of Problem (RU) in terms of forward KL,

Dxi(qlp)
subject to  Dkp(q ||p) > b; for i € [m].

minimize
pEA

(FU)

Since the forward KL divergence is an expectation over the
data distribution, it essentially optimizes the log-likelihood
of the data under the model—often approximated by the
evidence lower bound in diffusion models (Lai et al., 2025).
Therefore, Problem (FU) seeks to maximize the likelihood
of the data to be retained while reducing the likelihood of
the data to be forgotten. In Section 2.2, we characterize a
solution to Problem (FU) as a difference of distributions,

m
piv() o qlz) = Y aiqi()
i=1
where {a; }1 is a set of non-negative weights that balance
the relative importance of each distribution. The subscript
fw stands for forward KL. The log-likelihood reduction
of forgetting data is often referred to as data unlearning
in the literature (Feng et al., 2024; Alberti et al., 2025).
Formulation (FU) is distinguished by its weaker assumption:
it requires only sample access to the unlearning distributions
qﬂ, whereas the reverse KL and likelihood formulations
assume access to the associated diffusion models.

Likelihood-Constrained Unlearning. In addition to the
nonconvex reverse KL divergence constraints in Prob-
lem (RU), we propose an alternative formulation that con-
strains the likelihood of the unlearning data under the model,

minimize Dy (p Ilq) L)
subject to  E,[¢l] < ¢ for i € [m].

Problem (LU) aims to minimize the deviation from the pre-
trained model g while directly reducing the likelihood of the
unlearning concepts appearing in the generated samples. In
Section 2.3 we capture a solution to Problem (LU),

q(+)

* I N
prevl( ) X ez;”’: 1 qi ()

where {a; }7; is a set of non-negative weights that balance
the relative importance of each model. The subscript revl
stands for reverse KL with likelihood. The exponential term
downweights samples that have high likelihood under the un-
learning distributions. Compared with the framework of con-
strained relative-entropy minimization (Koyejo & Ghosh,
2013), our formulation chooses the moment functions to
be unlearning-distribution likelihoods, thereby turning the
exponential tilt into a principled mechanism for pushing the
learned distribution away from undesired concepts.

To illustrate, we use a three-Gaussian mixture example to
compare the three unlearning solutions, as shown in Fig-
ure 1. While the formulations (RU) and (LU) both reduce

the probability of sampling from the unlearning concepts,
their resulting solutions differ significantly. In particular,
reverse KL-constrained unlearning achieves this by pushing
the other modes we wish to retain away from the unlearned
concept, whereas likelihood-constrained unlearning does
not. This occurs because, for a sample  where qﬁ is small,
the solution py, is more strongly altered by ¢’ than p,,
(proportional vs exponential).

Background on Diffusion Models. A diffusion model
consists of two stochastic processes: a forward process and
a backward process. The forward process starts from a
data point =y and gradually adds noise according to x; =
V1= Bizi1 + /Bew; for ¢ € [T], where 8; € (0,1) is
the stepsize and wy ~ N(0, I) is the Gaussian noise. The
backward process starts from pure noise x7 ~ N'(0, ) and
iteratively removes noise. For instance, the DDPM sampler
updates z; 1 = \/%(:ct + nes(@, t) + or2t), where o =
1 — B, ¢+ > 0 is the stepsize, o is the noise scaling, and
zt ~ N (0, 1) is the Gaussian noise. A crucial component
of the backward process is the score function s(x¢,t): X x
[T] — RY; when it is specified accurately, the backward
process converges to the data distribution (Chen et al., 2023;
Li & Yan, 2025). Throughout the paper, we focus on score-
based diffusion models, denoting each probability measure
p by its score function s,: X x [T] — R% We use po(+; sp)
to denote the marginal distribution of the terminal sample
xo, and po.7(; sp) to denote the path distribution of the
trajectory xo.7, both induced by the score function s,. We
use analogous notation for the pretrained models g and ¢°.

2. Unlearning in Distribution Space

In Sections 2.1-2.3, we formally present, in distribution
space, the three formulations presented in Section 1.1. We
prove strong duality in all three cases, despite the noncon-
vexity of the KL-divergence constraints.

2.1. Reverse KL-Constrained Unlearning

We begin with Problem (RU). Let ¢: B(X) — [0, 1] be the
probability measure induced by a pretrained model, where
B(X) is a Borel o-algebra over a bounded domain X C R
In addition to the pretrained model, we consider a set of m
probability measures {q’ : B(X) — [0, 1]} ,, each mod-
eling a concept that we wish the model to forget/unlearn.

To ensure well-posedness, we assume that the probability
measures of interest satisfy certain admissibility conditions.

Assumption 1 (Admissibility). There exists a probability
measure p satisfying two conditions: (i) p is absolutely
continuous with respect to q, q., and (ii) p is bounded, i.e.,

p < q, ¢ for i € [m] and p(x) < oo for x € X. (1)

The absolute continuity ensures the boundedness of reverse
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KL divergence. It is practical to only consider bounded mod-
els, since diffusion models are represented by conditional
Gaussian distributions. Problem (RU) is a nonconvex opti-
mization problem because the superlevel set of reverse KL
divergence is not convex. As a result, we cannot invoke the
convexity of the feasible set to conclude strong duality from
convex duality analysis (Boyd & Vandenberghe, 2004).

Assumption 2 (Feasibility). There exists an admissible
probability measure p € A: Dyy.(p| qi) > b; fori € [m).

Since ¢! is focal on a specific concept or class, we can al-
ways construct p such that most of its mass is located on
samples with low probability under ¢¢. This makes As-
sumption 2 practically achievable. Let p,, be a solution
to Problem (RU) and denote P, = Dxi(pk, |l ¢). De-

note A := [Aq,..., Ay . Let the Lagrangian for Prob-
lem (RU) be
Liev(p,A) = Dxu(plla) + Z Ai (bi — Dxi(pll q2))
i=1

and the associated dual function is given by Diey(A) =
ming, e A Lyey(p, A), where the minimization is achieved
at p&,(-;A). Let an optimal dual variable be A%, €
argmax, s o Drey (M), and the optimal value of the dual func-
tion be D%, := Dy, (A\¥).

rev

However, it is unclear when pj, (-; A) is a solution to Prob-
lem (RU). Due to nonconvexity, pk,(-; A) is not necessarily
a solution to Problem (RU), even when we fix A = \%,.
To address this issue, we next prove that Problem (RU) is
strongly dual, despite its nonconvex feasible set.

Theorem 1 (Strong duality). Let Assumptions I and 2 hold.
Then, strong duality holds for Problem (RU): P}, = D}

rev*
Moreover, an optimal probability measure p* is given by

p:ev(') = p:ev('; )‘:ev)'

We defer the proof of Theorem 1 to Appendix B.1, and
sketch our key technical approach below.

A sufficient condition for strong duality to hold for Prob-
lem (RU) is that its epigraph is convex (Chamon et al., 2022).
To show this, we observe that all probability measures of
interest have continuous domains. This allows us to define
a non-atomic vector measure in terms of the objective and
constraint functions. A key step is a new application of
Lyapunov’s convexity theorem (Olech, 1968), which proves
the image of a non-atomic vector measure is convex. We
stress that it is infeasible to directly apply Lyapunov’s con-
vexity theorem, since the originally-constructed vector mea-
sure (Olech, 1968) is not necessarily a probability measure.

Having established strong duality, we evaluate a solution to
Problem (RU) glven an optlmal dual variable A%, in Corol-

lary 1. Denote N = = 17/\ When 17\ # 1, we define an

unlearning target ¢i (; A) as a ratio of tilted distributions,

1 (g()Va-1™N
ZE ) TI  (gh())

where ZJ(A) = [ (q(x))/O7 V]I (i) da.
When 1T)\ = 1 2) can be simplified in Appendix B.2;
however, this is a degenerate solution, so we omit it here.
Since ¢ and {q’}"™ , share the same support, the unlearn-
ing target (2) is a proper probability measure. Outside the
support, % = 0 by convention. Viewing ¢’ as a concept dis-
tribution to be unlearned, (2) reweighs the pretrained model
q by the reciprocal of the tilted distribution ¢'. Hence, (2)
excludes, or downweights, samples that are likely in g. Sim-
ilar targets have been used in concept erasure (Gandikota
et al., 2023) and negation composition (Du et al., 2023).

al(5A) = )

Corollary 1 (Optimal models). Let Assumptions I and 2

hold. Then, given an optimal dual variable \},, that satisfies
0 < 1T\, < 1, Problem (RU) admits an explicit solution,
p:ev(') = Qu< )\:ev) 3

Moreover, it is infeasible or degenerate when 1" X5, > 1.

The proof of Corollary 1 evaluates the partial minimization
of L(p; \) over p € A, and we provide it in Appendix B.2.
When 0 < 1T)\r*eV < 1, the solution (3) captures the effect
of the concept unlearning through the distribution ratio (2).
An example of this is the concept erasing (Gandikota et al.,
2023). We note that when 1" )%, > 1, the distribution
ratio (2) is reversed; this leads to an infeasible unlearning
target, which we therefore exclude. Hence, the reverse KL
constraints effectively characterize concept unlearning.

2.2. Forward KL-Constrained Unlearning

We next move to Problem (FU). The forward KL objec-
tive ensures that the model remains likely under the pre-
trained model, while the m forward KL constraints reduce
the model’s likelihood of generating samples from m un-
desirable distributions. To ensure the well-posedness, we
assume the following admissibility conditions.

Assumption 3 (Admissibility). Any probability measure
p € A satisfies two conditions: (i) q and qi are absolutely
continuous with respect to p; and (ii) p is bounded, i.e.,

q, & < p for i € [m] and p(z) < oo for x € X. (4)

The absolute continuity ensures the boundedness of forward
KL divergence. Problem (FU) is a non-convex optimization
problem because the superlevel set of forward KL diver-
gence is nonconvex. Again, strong duality is not ensured by
convex duality analysis (Boyd & Vandenberghe, 2004).

Assumption 4 (Feasibility). There exists an admissible
probability measure p € A: Dxy (gt || p) > b; fori € [m).
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Compared to Assumption 2, we can always find a p such that
few of its mass is located on samples with high probability
under ¢i. Thus, Assumption 2 is also practically achiev-
able. Let pf, be a solution to Problem (FU) and denote

Pt = Dxi(q || pt,)- Denote A := [A1,..., A\ ] T Let the
Lagrangian for Problem (FU) be
Liv(p,A) = Dxulgllp) + Y i (b — Dxe(al || p))
i=1

and the associated dual function is given by Dgy(X) =
min, e A Lw(p, A), where the minimization is achieved
at pf,(;A). Let an optimal dual variable be N}, €
argmax, - o Dsw(A), and the optimal value of the dual func-
tion be Df, := Dgy(\%,). Similar to Theorem 1, we next
show that pf, (-; A) is a solution to Problem (FU) if A = A},
To do so, we prove that Problem (FU) is strongly dual.

Theorem 2 (Strong duality). Let Assumptions 3 and 4 hold.
Then, strong duality holds for Problem (FU): P}, = Dy,.
Moreover, an optimal probability measure py, is given by

Theorem 2 has a similar proof as the one for Theorem 1. We
explain the proof of Theorem 2 in Appendix B.3.

With the strong duality in place, Corollary 2 captures
an explicit solution to Problem (FU). When ¢(z) —
S Nigi(z) > O forany z € X and A > 0, we de-
fine an unlearning target ¢J(-; \) as a difference between a
pretrained model and a mixture distribution to be unlearned,

@A) = qu()\) <Q(-) - > N Q§(-)> Q)

i=1

where ZJ(X\) := [ (q(z) — >/ Nigi(x)) dz. The un-
learning target (5) defines a valid distribution by reducing
the likelihood of generating samples from a mixture. This
target is similar to the data-unlearning (Wu et al., 2025;
Alberti et al., 2025), which runs gradient descent on the re-
tained dataset and gradient ascent on the unlearning dataset.

Corollary 2 (Optimal models). Let Assumptions 3 and 4
hold. Then, given an optimal dual variable \f,, > 0, Prob-
lem (FU) admits an explicit solution,

= (5 M) (6)

where \},, satisfies q(z) — >/~ Nigi(z) > 0 forz € X.

Piw ()

We provide the proof of Corollary 2 in Appendix B.4.

2.3. Likelihood-Constrained Unlearning

We now consider Problem (LU). A key distinction from
Problem (RU) is that it constrains the likelihood of generat-
ing samples from undesirable concepts, rather than the KL

divergences. The likelihood constraints force the model to
generate samples from the unlearning concepts less often,
with each bounded by ¢;. This constraint is intuitive since
it prevents the model from assigning high probability to
regions associated with the unlearning distributions. Since
the likelihood-based feasible set is convex, we can directly
conclude strong duality (Boyd & Vandenberghe, 2004).

Assumption 5 (Feasibility). Th_ere exists an admissible
probability measure p € A: Ep[ql] < ¢; fori € [m].

Let pY,,, be a solution to Problem (LU) and denote Py, =
Dxi(pty || g). Denote A := [A1,..., A\ ]T. Let the La-
grangian for Problem (LU) be

m

Len(p,A) = Dxe(plla) + Y X (Ep[qgl] —e)

i=1
and the associated dual function is given by Dieyi(A) =

miny, e A Lyevi(p, A), where the minimization is achieved at

1
ZzN)

Pla() = g()em a0 ()
where Zg(\) = [ g(z)e™ Xi=1 2i4(®) .. Let an optimal
dual variable be A}, € argmax, 5 o Drevi(A), and the opti-
mal value of the dual function be D} := Drevi(A%y)-
Theorem 3 (Strong duality). Let Assumptions 1 and 5 hold.
Then, strong duality holds for Problem (LU): P%, = D},
Moreover, an optimal probability measure pl,,, is given by

p:evl(') = p:evl(';A:evl)' (8)

The proof of Theorem 3 is based on the convex duality
analysis (Boyd & Vandenberghe, 2004) in Appendix B.5.
Given an optimal dual variable A, > 0, the optimal model
Drev (3 Ak,p) that we describe in (7) characterizes the effect
of the concept unlearning through the negative exponent
— > | \igl. Regions with high likelihood under the un-
learning distributions are downweighted exponentially.

Remark 1 (Constrained vs. Regularized Formulations).
The solutions to Problems (RU), (FU), and (LU) also admit
regularized interpretations: each can be viewed as promot-
ing separation from the distributions to be unlearned via
suitable penalty terms. Under proper regularity conditions,
for each feasible set of constraint thresholds, there exists a
set of dual or penalty weights (or exponents) such that the
constrained and regularized formulations agree at the level
of optimal solutions. However, this equivalence is primarily
variational and does not imply that the corresponding meth-
ods are equally effective in practice. We highlight three key
reasons to prefer constrained formulations.

(i) Constraint thresholds are more interpretable than
penalty weights. One can require the learned distribu-
tion to be separated from each unlearning distribution



Unlearning in Diffusion Models: A Unified Framework with KL Divergence and Likelihood Constraints

by a prescribed amount, or put an upper bound on
the expected likelihood of undesirable samples. These
specifications have direct semantic meaning, whereas
penalty weights are indirect and harder to interpret.

(ii) Penalty weights do not directly specify the desired level
of unlearning. A penalty weight, e.g., a; in the solution
pr,(+), does not mean that the ith unlearning target is
«; times more important. Rather, at the optimum, it bal-
ances the marginal change in the unlearning objective
against the marginal change in the retention objective.
In contrast, a constraint level b; or €; directly specifies
a target separation or likelihood level.

(iii) Constraints better control multiple unlearning tar-
gets. With many concepts or datasets, tuning sepa-
rate penalty weights is impractical, while assigning the
same weight to all targets can lead to uneven unlearn-
ing because some concepts are easier to erase than
others. Constraint thresholds provide a direct way to
enforce balanced unlearning across targets, achieving
the desired erasure effect with less deviation from the
pretrained model, as shown in Figures 3 and 6.

3. Unlearning for Diffusion Models

We instantiate the three formulations in Section 1.1 by let-
ting all distributions be induced by diffusion models.

3.1. Reverse KL-Constrained Unlearning

We specify the probability measures p, g, and ¢’ in Prob-
lem (RU) as the point distributions po(+; $p), go(; S¢), and
q6(-; sL,), respectively, where s,,, 54, and s/, denote the cor-
responding score functions. We cast Problem (RU) into a
constrained optimization with functional constraints,

miniglsize Dxr(po(+58p) [ 90(+5 8¢)) )

Sp

subject to Dki.(po(+;sp) || qé(~; sé)) >b; for i € [m).

Problem (9) is a nonconvex optimization problem because
the mapping from the score function to the KL divergence
is nonlinear. Nevertheless, when viewed as a function of the
underlying probability measures, it has the same structure
as Problem (RU). To exploit this structure, we assume
that the score function class is sufficiently expressive to
represent any target point distribution within the class of
interest. This is mild, as diffusion models are implemented
as overparameterized deep neural networks.

Assumption 6 (Expressivity). There exists a class of point
distributions in which each po(-) is induced by a backward
process associated with a score function s, € S.

Assumption 7 (Feasibility). There exists an admissible
score s, Dxp(po(+58p) || g6 (- 54)) > b fori € [m].

Assumption 6 is reasonable, because score-based back-
ward processes converge to a data distribution under very
mild conditions (Chen et al., 2023; Li & Yan, 2025). As-
sumption 7 resembles the rationale behind Assumption 2.
Let s}, be a solution to Problem (9) and denote Py, =
Dxr.(po(-; sky) |l 90(+; 8¢))- The Lagrangian for Problem (9)
is given by Lyey(sps A) = Lrev(po(-; 5p), A), and its dual
function is given by Dyey (A) := min,, e 5 Lrev(po(-3 5p), A).

*

Let an optimal dual variable be Xm

€ argmax, > g Drev(N),
and the optimal value of the dual function be ﬁr*ev =
Deev (M-

Theorem 4 (Strong duality). Let Assumptions 6 and 7 hold.
Then, strong duality holds for Problem (9): Pk, = D}

rev®

We prove Theorem 4 in Appendix C.1. Despite the nonlin-
earity of Problem (9), we exploit the convexity of a non-
atomic vector measure—now it is defined on the path space—
to establish strong duality. Since the score function class is

sufficiently expressive, we then carry the result over to the

score function space using the saddle-point characterization

of strong duality. We note that the convexity of a non-atomic

vector measure is unaffected by the nonlinearity introduced

in (9) when passing to point distributions.

Exploiting strong duality, we introduce a primal-dual algo-
rithm for solving Problem (9), alternating between minimiz-
ing the Lagrangian via gradient descent, and maximizing
the dual function via dual subgradient ascent:

(i) Primal step is to solve the Lagrangian problem: st e
argming Ly (s, A), where the Lagrangian L., (s, \)
evaluates the KL divergence to the target (2);

(ii) Dual step updates the dual variable via AT = A+
10 Dyev (), where the subgradient 9Dy (M) is evalu-
ated using the current model s, and 7 is the stepsize.

See Appendix D for the full description.

3.2. Forward KL-Constrained Unlearning

Instead of the point distributions, we specify the probability
measures p, ¢, g. in Problem (FU) as the path distributions
po:7 (3 8p)s qo-r (-5 Sq)» and gf.p(+; s.,). Problem (FU) can
be cast as a constrained optimization problem,

minimize Dgr. (o7 (5 5) | oz (5 5p)) (10)
subject to DKL(QS;T(';SZ) | po:r (-5 8p)) > b; for i € [m)].

Problem (10) is a nonconvex optimization problem for the
same reason as Problem (9). Similarly, we exploit the strong
duality for Problem (FU) to establish strong duality.
Assumption 8 (Expressivity). There is a class of path dis-
tributions in which each po.1(+) is induced by a backward
process associated with a score function s, € S.
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Assumption 9 (Feasibility). There exists an admissible
score sp: Dx1(qo.7 (5 8) | po.r (45 8p)) > by fori € [m].

Assumption 8 is more restrictive than Assumption 6,
as it uses joint distributions instead of marginal ones.
Let sj, be a solution to Problem (10) and de-

note B, = Dii(qor(5sy) || por(sish,)).  The La-
grangian for Problem (10) is given by Lgy(sp,A) =
Lsw(po.r(-;8p), A), and its dual function is given by
Bfw()\) i= ming, e 5 Ltw(po:7 (-5 5p), A). Let an optimal
dual variable be Xf*w € argmax, > Diw()), and the opti-
mal value of the dual function be D}, := Dy, (A%,).

Theorem 5 (Strong duality). Let Assumptions 8 and 9 hold.
Then, strong duality holds for Problem (10): P, = Dy,.

The proof of Theorem 5 in Appendix C.2 is similar to that
of Theorem 4, except that the KL divergence is defined over
a path distribution. The convexity of a non-atomic vector
measure continues to hold. Leveraging strong duality, we
introduce a primal-dual algorithm for solving Problem (10):

(i) Primal step is to solve the Lagrangian problem: st e
argming Ley (s, A), where the Lagrangian Lyy(s, \)
has the form of standard score-matching or noise pre-
diction losses;

(i) Dual step updates the dual variable via AT = A+
10Dy (N), where the subgradient 0Dsy, () is evalu-
ated using the current model s, and 7 is the stepsize.

See Appendix D for the full description.

3.3. Likelihood-Constrained Unlearning

As done in Section 3.1, we introduce the point distributions
qo(+; 5¢) to Problem (LU) to rewrite it as

misniénsize Dxv.(po:r (5 8p) || g0:7 (75 54)) (11)

subject to Eay~p, [¢0(z05s,) ] < € for i€ [m].

In contrast to Problem (LU), Problem (11) is nonconvex due
to the nonlinear mapping from the score function to the KL
divergence and the likelihood. We note that Problems (11)
and (9) are similar, differing only in the form of the con-
straints. Critically, the convexity of a non-atomic vector
measure continues to hold despite this change in how the
constraints depend on the probability measures.

Assumption 10 (Feasibility). There exists an admissible
score sp: By o po(55,)[00 (w03 5)] < € fori € [m].

Let sy, be a solution to Problem (11) and de-
note By = Dii(po:r(visin) | go:r(+55¢)).  The La-

grangian for Problem (11) is given by Erevl(sp,)\) =

Lievi(po:7(+; $p), A), and its dual function is given by
Drevi(A) 1= ming, e s Lievi(po:7 (- 5p), A). Let an optimal
dual variable be A}, € argmax, > Drevi(\), and the opti-

mal value of the dual function be ﬁr*evl = ﬁl’eVl()\:evl)'

Theorem 6 (Strong duality). Let Assumptions 6 and 10 hold.
Then, strong duality holds for Problem (11): P, = D

revl*

We prove Theorem 6 in Appendix C.3. The proof is similar
to that of Theorem 4, except for the likelihood constraints.
Since the likelihood constraints can be lifted to path-space
constraints, we can still apply the convexity of a non-atomic
vector measure. Because of strong duality, we similarly use
a primal-dual algorithm for solving Problem (11):

(1) Primal step is to solve the Lagrangian problem: st e
argming Leeyi(s, A), where the Lagrangian Lyeyi (s, \)
involves the computation of the KL divergence and the
point probability. To estimate the probability gf ()
for a sample z(, we apply the information-theoretic dif-
fusion results (Kong et al., 2023) to compute log g ()
by viewing the pretrained diffusion model as a Gaus-
sian noise channel (see Appendix C.4);

(ii) Dual step updates the dual variable via AT = A+
10 Dyevi (), where the subgradient 9Dy () is evalu-
ated using the current model s, and 7 is the stepsize.

See Appendix D for the full description.

Remark 2 (Parametrization gap). In Problems (9), (10),
and (11), we optimize over distributions induced by diffu-
sion models through a class of score functions. In contrast,
the unlearning targets (3), (6), and (8) describe the best
unlearning distributions when one can optimize over all
admissible probability measures. These targets are attained
when the unlearning targets are well represented by the
score function parametrization. The remaining discrepancy
is a parametrization gap, not a duality gap: strong duality
identifies the correct target in the ideal distribution opti-
mization problems, while the diffusion implementation can
only approximate these targets.

In practice, this gap is expected to be small when the desired
unlearning target is a smooth perturbation of the pretrained
model, the retaining and unlearning distributions are well
separated, and the score function class has sufficient expres-
siveness. It can be large when the constraints are aggressive,
retained and unlearned concepts are highly entangled, the
target requires sharp density suppression, or the practi-
cal parametrization is restrictive, for example because of
low-rank adapters, limited optimization, or approximate
sampling. Experimentally, a large gap would appear as per-
sistent constraint violation, saturating or oscillating dual
variables, a plateau in unlearning performance as thresh-
olds become stricter, or excessive degradation of retention
metrics such as KL divergence, KID, or sample quality.
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4. Computational Experiments

We demonstrate our constrained unlearning approach
through a series of computational experiments using Stable
Diffusion v1.4 (Rombach et al., 2022) as the base model.
Sections 4.1, 4.2, and 4.3 cover likelihood-constrained con-
cept unlearning, Forward KL-based removal of memorized
samples, and reverse KL-based multi-concept unlearning,
respectively.

4.1. Likelihood-Constrained Unlearning

We begin with the likelihood-constrained problem (11) by
considering a simple setting in which a diffusion model is
pretrained on a three-Gaussian mixture, and one compo-
nent is to be unlearned. As a baseline, we consider concept
erasing (Gandikota et al., 2023), which targets the unlearn-
ing distribution (¢(-))**7/(gu(-))" for some 1 > 0. This
is similar to the unlearning target (2) in the reverse KL
case. We visualize the distributions of the pretrained and
trained models for each approach in the three leftmost plots
of Figure 4. At the same unlearning-likelihood level, our
likelihood-constrained method achieves a smaller KL diver-
gence to the retained modes, as shown in the right plot of
Figure 4, where each point represents a constraint threshold
or regularization weight for our method or the baseline.

We further demonstrate this improvement in a pretrained
text-to-image model. To unlearn attributes from a concept,
we set ¢ = ppre(-|¢), and ¢& = ppre(- | ¢;), where ¢ is a
retained concept (e.g., cowboy) that we aim to stay close
to, and ¢; denotes other concepts or biases associated with
the concept ¢ that we wish to remove (e.g., horse). We
show the retention—unlearning tradeoff in the two rightmost
plots in Figure 5, where retention performance is measured
by the Kernel Inception Distance (KID) (Binkowski et al.,
2021) (Lower KID means better retention performance) and
the KL divergence to the pretrained model, respectively.
Compared to the baseline, our likelihood-constrained ap-
proach achieves strong unlearning (low likelihood) while
more effectively limiting deviation from the retained model.

This improved tradeoff can also be qualitatively observed.
While both the concept erasure approach and our likelihood
constrained approach successfully unlearn the undesired
conept, in this case "horse’, (Figure 5 Left), our approach
keeps the parts of the distribution that we wish to retain,
closer to the pre-trained model (Figure 5 Middle left)

4.2. Forward KL-Constrained Unlearning

To demonstrate the effectiveness of the forward KL con-
straints in (10), we work within the data unlearning
paradigm (Alberti et al., 2025), which seeks to prevent the
model from generating specific samples that it may have
memorized (e.g., for copyright reasons). We use the uncon-

Unconstrained Pre-trained Constrained

Original Constrained Unconstrained

Figure 2. Performance of forward KL-constrained unlearning.
(Left) Images generated by pretrained model (three random im-
ages to be removed), forward KL-constrained unlearning, and
baseline. (Right) Images generated by pretrained model (three ran-
dom images), forward KL-constrained unlearning, and baseline.

unconstrained

0.12 A constrained

0.10

KID

0.06

0.04

AA

A A .

0.3 04 05 0.6 0.7 0.8 0.9
Max SSCD

0.02

Figure 3. Retention—unlearning tradeoff for forward KL-
constrained unlearning and unconstrained baseline. Our con-
strained model deviates less from the pretrained model at the same
level of unlearning (max SSCD).

ditional DDPM trained on the CelebA-HQ dataset as our
pretrained model (Ho et al., 2020), and randomly select three
images from the dataset to unlearn. As shown in Figure 2,
our constrained unlearning approach effectively removes the
given samples in the left plot, while retaining the capability
of generating other concepts, as shown in the right plot. This
significantly improves upon the unconstrained baseline (Al-
berti et al., 2025), which essentially solves the Lagrangian
problem for Problem (10) with equal weights assigned to
all of the samples we wish to remove. We also show the
retention—unlearning tradeoff in Figure 3, where the unlearn-
ing performance is measured by max SSCD (Pizzi et al.,
2022) (Higher max SSCD indicates greater similarity to
a forgotten sample and therefore weaker unlearning), the
retention performance is measured by KID. We see that
at the same level of unlearning, measured by max SSCD,
our constrained unlearning approach deviates less from the
pretrained model, as measured by KID. This is achieved by
dynamically assigning large weights to the samples that are
hard to unlearn and small weights to the easier samples.
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Figure 4. Performance of likelihood-constrained unlearning on a three-Gaussian mixture. From left to right: pretrained model, reverse-
KL—constrained unlearning, likelihood-constrained unlearning, and the KL divergence to the retained model versus the likelihood of the

unlearning mode.
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Figure 5. Performance of likelihood-constrained unlearning on a text-to-image model. From left to right: images generated by likelihood-
constrained unlearning and baseline for unlearning the concept of ‘horse’ (Left), for retaining the concept of ‘cowboy’ (Middle left), the
retention KID (Middle right) and the KL divergence (Right) to the retained model versus the likelihood of unlearning concept.

4.3. Reverse KL-Constrained Unlearning

As in Section 4.1, we consider concept unlearning by setting
q = Ppre(+ | €), and ¢’ = ppre(- | ¢;) in Problem (9), where
c is a retained concept, and c¢; denotes other concepts or
biases associated with the concept ¢ that we wish to remove.
In Figure 6, we show the tradeoff between the worst-case
unlearning performance (i.e., minimum KL divergences to
unlearning concepts) and the retention performance (i.e.,
the KL divergence to the pretrained model), with each point
representing a constraint threshold or regularization weight.
We see that our constrained retention-unlearning tradeoff
curve lies below the unconstrained baseline, achieving the
same unlearning performance while deviating less from the
pretrained model (Figure 6, Left). To confirm this, we also
use the maximum CLIP text-to-image similarity score (Hes-
sel et al., 2022) among the unlearning concepts, observing a
similar result (Figure 6, Right).

5. Conclusion

‘We have developed a constrained optimization framework
that unifies unlearning as minimizing deviation from a pre-
trained model, subject to explicit separation constraints
from the unlearning distributions. Despite the noncon-
vexity of these constraints, we prove that constrained
unlearning has zero duality gap, which allows us to

175 Unconstrained 175 Unconstrained
N A Constrained N A Constrained
150 150
125 . 125 4
T N T A
£ 1.00 A 2100 &
] A 2 A
= 5
2075 A 2075 N
2 A 2 A
050 0.50
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X A
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0.00 0.00
-20 -15 -1.0 0.5 23.25 2350 23.75 24.00 2425 24550 24.75 25.00
- KL Max Max Clip score of unlearn concepts
Figure 6.  Retention—unlearning tradeoff for reverse KL-

constrained unlearning and unconstrained baseline. The KL diver-
gence to the pretrained model versus the KL constraint violation
(Left) and the unlearning concept CLIP score (Right).

characterize optimal unlearning targets and develop pri-
mal—dual algorithms to approximate them. Empirically,
we demonstrate our constrained unlearning approach on
image generation tasks, showing a significantly-improved
retention—unlearning tradeoff.

Limitations. Despite our theoretical characterizations and
promising empirical results, additional experiments are
needed to evaluate our method’s effectiveness on unlearning
tasks beyond image generation. Further theoretical study is
required to establish convergence and sample-complexity
guarantees for the proposed primal-dual algorithms.
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Impact Statement

This paper aims to improve the responsible behavior of deep
generative models by ensuring compliance with unlearn-
ing requirements. By establishing a unified optimization
framework, our work provides practical guidance for de-
veloping more reliable training algorithms, with potential
impact across unlearning applications such as language, im-
age, speech, and audio generation.
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A. Related Work

Unlearning in diffusion models. Our constrained unlearning framework is related to prior work on unlearning in diffusion
models. In this setting, given a pretrained diffusion model, unlearning aims to preserve the ability to generate diverse samples
while avoiding the generation of samples that resemble specified samples or concepts to be forgotten. To handle these two
conflicting objectives, existing approaches primarily adopt a classical regularization strategy, optimizing a weighted sum of
retention and forgetting losses (Golatkar et al., 2020; Fan et al., 2023a; Heng & Soh, 2023; Park et al., 2024; Alberti et al.,
2025; Wu & Harandi, 2025; Park & Park, 2025; Gao et al., 2025; Li et al., 2025). However, the weighted-sum objective has
three key drawbacks: (i) the tradeoff between model utility and unlearning performance is tuned heuristically; (ii) the degree
or likelihood of forgetting specific data or concepts is difficult to evaluate; and (iii) multiple unlearning objectives cannot
be naturally incorporated within a single regularization term. In contrast, we formulate unlearning from the perspective
of constrained distribution optimization. We treat the preservation of pretrained model utility as minimizing the distance
between the trained and pretrained models, while expressing unlearning objectives as additional constraints that push the
trained model away from specific data or concept distributions. This provides a more principled alternative to existing
ad hoc approaches in Gandikota et al. (2023); Alberti et al. (2025). Our unlearning framework (i) offers a theoretical
guarantee of an optimal tradeoff between model utility retention and unlearning performance, and (ii) allows for the direct
imposition of multiple unlearning constraints. We also remark that our constrained unlearning approach is more tractable,
both theoretically and practically, than the bilevel optimization approaches in Zhang et al. (2024); Chen et al. (2024); Wu
et al. (2025), which often suffer from high computational costs and limited theoretical guarantees.

Diffusion models under constraints. Our work is also related to recent research on imposing constraints in diffusion
models. Two types of constraints have been explored to control the samples generated by diffusion models: (i) hard
constraints on individual samples (Liang et al., 2024; 2025; Christopher et al., 2024; Narasimhan et al., 2024; Zampini
et al., 2025; Luan et al., 2025; Christopher et al., 2025) and (ii) soft constraints imposed in expectation (Khalafi et al., 2024;
Chamon et al., 2024; Khalafi et al., 2025). Our constrained unlearning approach falls into the second category. In contrast to
prior work (Khalafi et al., 2024; 2025), our constrained unlearning problem is nonconvex even in the distribution space,
which constitutes the main challenge we address. A closely related work is the constrained unlearning formulation of (Feng
et al., 2024), assuming a particular class of unlearning distributions. In contrast, our constrained unlearning framework is
more general and does not impose such additional restrictions.
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B. Proofs in Section 2
B.1. Proof of Theorem 1

Proof. Define f(p(z)) := p(z)log Eg Since p, ¢ < p, we can rewrite the reverse KL divergence Dy (p || q) as

Diw(pllg) = /X (2) log 8 (dz) = B[ f(p(a))]

where pu: B(X) — [0, 0] is the standard Lebesgue measure. Similarly, we define f;(p(x)) := p(z) log ;” ((?) , and thus

)
Dx(p|lgl) =E, [ fi(p(x))]. Meanwhile, we explicitly express the probability constraint for p € A as
B, [p(e)] = [ plelu(ds) = 1
b's

By relaxing Assumption 1, we define a set of measures P that contains all probability measures that satisfy (1). To prove
strong duality for Problem (RU), we prove it for an equivalent formulation of Problem (RU),

mi;lier%ize E,[f(p(z))]

subject to E, [ fi(p(x))] > b; fori € [m] (12)
E.lp(z)] = L
We note that the key difference between Problem (RU) and Problem (12) is the explicit constraint E, [p(z)] = 1.

Thus, they share the optimal solution pf,, and the optimal value Pj,. We define the Lagrangian for Problem (12) as

Zm (p, A p) := Lyev(p, A) + p (E, [p(2) ] — 1). The associated dual function is Drev()\ p) = minimize, ¢ p Lrev(p, A p).
Denote ()\rev, Prey) € argmaxy s o , Diev(A, p). We can verify that Problem (12) is strongly dual, i.e.,

Dr*ev = DrﬁV(/\:ewﬁkrev) - Prev = EM [f(p:ev('r))] .
We provide a strong duality proof in Section B.1.1.

Now, we show that Problem (RU) is strongly dual, i.e., D, = E,, [ f(pr,(z))]. We note that weak duality always holds,
ie., DL, <E,[f(pL,(x))] Itis sufficient to show D}, > Dy,,. By the strong duality for Problem (12), we have

rev — rev — rev:

Dy = Eu[f(pr(@)]

= E, [ prev + Z )‘revz i — Ey [fl(p:ev(x))])
=1
= minimize Ly (p; N
p

rev)
= Drev (A*

eV )

AN

imize Dy, (A
maiuzrrélze rev(\)

= D*

rev

A%, is a saddle point of Lyey (p, A)
for p € A and \ > 0, the 4th and 5th equalities follow the property of the dual function D¢, (). Therefore,

Dy, = Diyy = Eu[f(phu(2))]
which proves the strong duality for Problem (RU). O

where the 2nd equality is due to that E, [ pfs, () | = 1, the 3rd equality is due to that (p}5,, A%

B.1.1. STRONG DUALITY FOR PROBLEM (12)

The proof is an application of Lyapunov’s convexity theorem in measure theory. We note that weak duality always holds,
ie., D~ < P* Thus, it is sufficient to establish D, > Pr.. We define an epigraph for Problem (12) as

ev — rev:* ev. — rev:*

= {(v,t)|IpeP.E,[f(p(z))] <70,b: —E. [ filp(z))] < yifori=1,...,m, andE, [p(z)] — 1 =7}
where ¥ := [70, Y15+, ¥m ]|

14
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Lemma 1 (Convexity). Let Assumption 2 hold. Then, the epigraph I is non-empty and convex.

Proof. 1tis straightforward that I is non-empty since Problem (RU) is feasible. We next show that I is a convex set. Assume
that (v, 7), (7/,7") € T, i.e., there exist p, p’ € P such that

E,[f(p(x)] <v0,bi —E, [ fi(p(z))] <~vifori=1,...,m, and E, [p(z)] —1=7 (13a)
E, [f(0' ()] <70,bi —Eu [ fi(p'(x))] < vifori=1,...,m, and E, [p(z)] -1 =17". (13b)
It is sufficient to show that a(7y, 7) + (1 — a)(¢/,7’) € T for a € [0, 1], i.e., there exists p, € P such that
Eu[f(pa(2))] < avo+ (1 —a)y (14a)
b~ By [ fi(pa(@))] < avi+(1—a), fori=1,...,m (14b)
E,[pa()]—1 = ar+ (1 —a)7’. (14c)
To do so, we construct a vector measure p: B(X) — RQ(””Q),
- fE dl‘) -
fE Jm(p (dx)
p(z)p
p(E) = fE
fE dm)
fE fl (dm)
fE fm (P’ ()12 (dm)
L pr x)p(d

where each entry of p is a Lebesgue integral. Clearly, p()) = 0 and it is non-atomic. When p < ¢, & (Assumption 1), p is a
proper vector measure, i.e., p(X) < oo. We note that p(X) = oo if and only if p is not absolutely continuous with respect to
q or gi, which is an infeasible case of Problem (12). According to a weak version of Lyapunov’s convexity theorem (Olech,
1968), there exists a set £, € B(X) such that

p(Ea) = ap(X)+ (1 —a)p(0) = ap(X)
for « € [0, 1]. By additivity, p(X/FE,) = (1 — a)p(X). Hence, we construct p,, € P as follows,
p(x) whenz € E,
Palz) =
p'(z) whenz € X/E,.

It is ready to verify that p,, satisfies (14) regarding three conditions as follows.

(1) Condition (14a). By the construction of p,

Ep [f(pa())]

/ F(p(a))uldr) + / 1 (@) ()
X/E,
)+pm+3(X/E )
aPl( )+ (1 = a)pmys(X)
o, [ f(p()] + (1 — a)B, [ £/ (2)) ]

By the assumption (13),
Eu[f(pa(2))] < avo+ (1 —a)y.

15
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(ii) Condition (14b). Similarly, we have
Eu[fi(pa(2)] = oy [fi(p(2))] + (1 — )y [fi(p'(2))]
By the assumption (13),
bi = [fi(pa(2))] < avi+ (1 - )y
(iii) Condition (14c). Similarly, we have
E,[pa(z)]—1 = ar+ (1 —a)7'.
Therefore, there exists p,, € P such that (14) holds for « € [0, 1], (v, 7), (v/,7) € T. O

With Lemma 1, we next show strong duality for Problem (12). First of all, it is easy to check that (Pg,,0,0) is not an

interior point of I'; otherwise, there always exists € > 0 such that (P}, — €,0,0) € I', which contradicts the optimality of

P,. By the supporting hyperplane theorem, there exists a non-zero vector (y, z) € R™%2 such that
> yivi+2r > yoPy, for(y,7) €T (15)
i=0

We note that I" is unbounded above, i.e., for any (y,7) € T, there exists (7/,7) € I" such that v/ > ~ elementwise.
To ensure (15), we must require y; > 0 for all ¢; otherwise, for some y; < 0, we can set the left-hand side of the
inequality (15) to be —oo by increasing ;. Furthermore, we can show that yy > 0; otherwise, yo = 0 simplifies (15) to be
>t L yivi + 27 > 0 for (v, 7) € I. This contradicts the strict feasibility assumption, since setting (7, 7) to be the strict
feasible point p concludes that ; < 0 for all ¢, and ¢ = 0. Hence, yo > 0, and thus,

70+Zgji%+zr > Py, for(y,7) €T
i=1

where y; := £ and Z := i. It further implies that

<
[S)

E, +Zyz i = Eu [ filp(2))]) + 2 By [p(2)] = 1) > P

i=1

or, equivalently, Lrey (p; 7, 2 Z) > Py, forp € Pand § > 0. Thus, minimization of Leev(p; 7, Z) over p € P leads to
Drev(4, 2) > P2, and thus D, > P

rev? rev rev*

B.2. Proof of Corollary 1

Proof. When 1 — 1T\ # 0, we rearrange the Lagrangian Ly, (p, \) as follows,

Liv(p,\) = Diu(pllg) + Z i (b — De(p || ¢2))
=1

= E.npllogp(x) —logg(z)] + ATb— 1TAE, « [log p(z) +ZAEm~p[logqu()]

=1

= /\Tb+(1_1T>\)]Ex~p[10gp($)]_ E; ~p[logg(z) Z/\Eaer[lquu( ”)

[T (gi()™
= ATb+ (1 =170 (Dre(p() [l (5 A)) = log Z[ (V)

= Ao+ (1-1TN) | Epopllogp(z)] —Epnp

where the 4th equality abbreviates XZ = fori = 1,...,m, and the last equality is due to that q;f is well-defined for ¢

- 1T,\
and ¢! that share the same support. When 1 — 1T\ =0, itis straightforward to compute

Lw(p,\) = A b— Exwp{logq(x)_]
[TiL 1 (gi(x))™
= 1Tb—]E$Np[logqu(x,/\ﬁ log ZF(\)
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and simplify the unlearning target q:,r as

1. . 1 q()
G = ST @O

whereZi = [q(x /H'L—l gi(z)) N dz.

To evaluate the dual function Dyey () := minimizep, ¢ A Lyev(p, A), there are three cases.

(i) When 0 < 1"\ < 1, minimization of L. (p, \) over p is at a unique minimizer,
Pra(3A) = al(5 )
which defines the dual function Dy, (A) = ATb — (1 — 17 X) log Zi (N).
(i) When 17\ = 1, minimization of Ly, (p, \) over p is at X (\) := argmax, q(x)/] [}~ , (¢¢(x)):. Thus,

1
Prev(5A) = ———dx ()
@(X(A):N)
Hence,

Diey(N) = 170 — log g (z; N)dz — log ZH(\).

e
@ (XN Jxo
(iii)) When 17\ > 1, minimization of Ly, (p, A) over p is equivalent to

imize D 1y
m%xeuglze KL(P” qu)

We note that when p € A does not satisfy Assumption 1, Dy (p|| ¢) = co. Hence, D}, = —oo, which contradicts to
Assumption 2.

Hence, we can summarize them as follows. When 17X < 1 and A\ > 0, the dual function Diey () has an explicit form,

ATb—(1—1TN)log ZI () when0 <1'A<1land >0

1 / T
_— log gf (; \)dx — log ZF(\) when1l ' A=1land A >0
G (X (V)N Jxon

Drev()\) = 1Tb _

where X ()\) := argmax, q(z)/[ [/~ , (¢i(x))*. The Lagrangian function Lye,(p; A) has an explicit form,

ATh+ (1-17)) (DKL(p ) — log ZJ(A)) when1TA # Land A > 0
Lrev(pa )‘) -
1"0-E,, [log @ (x; )\)} —log ZE(\) when 17\ = 1and A > 0.

A partial minimizer of the Lagrangian L., (p; A) over p is achieved at
a5 ) when0<1'A<landA>0

) . when1TA =1and A > 0.

Finally, we apply the strong duality in Theorem 1 to evaluate p.,(-) = pk, (-; A%, ). When 1T \*

) eV eV

delta functlon Wthh is not practically attainable. This case can always be avoided by scaling A%
0<1TA:

rev

= 1, the solution pf, is a
allowing us to focus on
O

Tev?
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B.3. Proof of Theorem 2

Proof. Since the proof is similar to the proof of Theorem 1, we omit the detail and only state the key changes. Define
flp(x)) :=q(x) log qu; Since p, ¢ < p, we can rewrite the forward KL divergence Dxy.(q || p) as

Dalally) = [ a(@ loggg;u(dx) — E, [/((@))]
ql(x)

where p: B(X) — [0, 00] is the standard Lebesgue measure. Similarly, we define f;(p(x)) := ¢!(z)log 20y » and thus

Dxi(q¢ || p) = E, [ fi(p(z))]. Meanwhile, we explicitly express the probability constraint for p € Ax as
Bulo@)] = [ poyulda) =1

With a slight abuse of notation, we also denote the set of all measures that satisfy (4) by P. To prove strong duality for
Problem (FU), we prove it for an equivalent formulation of Problem (FU),

mizr)lier%ize E,[f(p(x))]
subject to E, [ fi(p(x))] > b; fori € [m] (16)

IEM [p(a:)] = L

The rest follows the same proof steps in the proof of Theorem 1. First, we employ Lyapunov’s convexity theorem to show
that the epigraph for Problem (16) is non-empty and convex, implying that (16) is strongly dual. Second, we translate the
strong duality for Problem (16) to the original problem (FU). O

B.4. Proof of Corollary 2

Proof. For any A > 0, we rearrange the Lagrangian Ly, (p, \) as follows,

Liu(p, ) = Dralallp)+ 3 Ai (b = Dxala; [ p))
= Eongllogq(@)]+ > Nilbi —Eqry [logqi(w)])—/ (q(w)—ZAiqi($)> log p()
i=1 i=1
= Eg~q[logq(z)] + ZAZ E, ~q [loggi(z)]) —ZIT(A)/QS‘(QT;A) log p(x)

== Eacwq [logq(x)} + Z )‘z(b1 - Ezwqﬁ [logqé(x)]) - Zl?(/\)]Equf(k) [log qs(za A)]
1=1

+Z7 (M) D (g7 (5 M) [1p() -

It is important to verify that g(z) — > A, ;qu(z) > 0 forany z € X. If not, then g(x) — 7" | Af, ;qi(x) < 0 for some
2 € X. In this case, minimization of Ly, (p, Af,) is achieved by pf, that satisfies pf, (z) = 0, and Ly, (Phys Afy) = —00.
However, from the strong duality we have Lg, (p?w M) = Dxi(¢ || pf,) > 0, leading to a contradiction. Therefore, we
apply the strong duality from Theorem 2 to evaluate,

p;w() = p;:w(ﬂAFw) = argmianW(pa AFw) = qs(7>‘:w)
pEA

which completes the proof. O

B.5. Proof of Theorem 3

Proof. We note that Problem (LU) is a convex optimization problem, since the reverse KL divergence is a strongly convex
function and the likelihood constraints are linear. According to the standard duality analysis (Boyd & Vandenberghe, 2004),
there is no duality gap when the problem is strictly feasible.

O
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C. Proofs in Section 3
C.1. Proof of Theorem 4

Proof. We consider Problem (9) in the distribution space,

minimize Dk (po(+) || go(+; 84))
Po() o 17)
subject to  Dxr(po(-) [| ¢o(+;8%)) > bs for i € [m)].

S posr (o) dwr .1

Define f(po.r(zo:r)) = por(zo.r)l0g 0w
Dx1(po |l qo) as

. Since po.7, qo.7 <K 1, we can rewrite the reverse KL divergence

[ por(xo.r)dx1.m
f QO;T(IO:T)dZ‘l:T

Dxui(po | g0) = /XTHPO:T(JUO:T)lOg w(dzo.r) = E, [ f(po.r(zo.r))]

where p: B(XTH1) — [0,00] is the standard Lebesgue measure. Similarly, we define f;(po.7(70.7)) =

J po.r(zo.7)dw1.T
pO:T(xO:T) 1Og fqé:T(wo;T)deT

probability constraint for pg.r € A(XTT1) as

, and thus D (po || ¢§) = E, [ fi(po.r(wo.7))]. Meanwhile, we explicitly express the

E, [po:r(zo.r)] = / po.7 (o) p(dxo.r) = 1.

XT+1

To prove strong duality for Problem (17), we prove it for an equivalent formulation of Problem (17),

minimize E, [ f(po.r(zo:7))]
po:r €P

subject to  E, [ fi(po:r(zo.r))] > b; fori € [m] (18)
E, [po.r(zo.r)] = 1.

The rest follows the same proof steps in the proof of Theorem 1. First, we employ Lyapunov’s convexity theorem to show
that the epigraph for Problem (18) is non-empty and convex, implying that (18) is strongly dual. Second, we translate the
strong duality for Problem (18) to the original problem (17).

To prove strong duality for Problem (9), we introduce some notation as follows. Let pg .., be a solution to Problem (17) and
denote B, := DkL(P ey () || 40 (+; 54))- The Lagrangian for Problem (17) is given by Lrey(po(+), A) := Liev(po(+), A), and

rev
*

its dual function is given by Dyey(\) := min,, Lyey(po(-), A). Let an optimal dual variable be A%, € argmax, > 0 Drev(N),

and the optimal value of the dual function be Dy, := Doy (A5, ). From the strong duality of Problem (17), there exists a pair

(D0 rev> Mev) such that
]Brzv = Drtev or DKL(ﬁa,rev(') ||QO('§511)) = DYCV(S‘:eV)‘

With Assumption 7, this implies that (7§ ., , A, ) is a saddle point of the Lagrangian Lyey (po(+), A),

I_’rCV(parev(')? /\) < I’re\'(ﬁa,rev(')’ S‘:ev) < I’rev(po(')’ S‘:ev) for all po(') and A > 0.

By Assumption 6, the score function class S is expressive enough, any point distribution po(-) can be represented as po(+; sp)
with some s;, € S; and vice versa. Thus, we can express pp () as po(+; st ) With some s, € S. We also note that the

dual function Drev(/\) in the path and score function spaces are the same. Hence, the optimal dual function for Problem (9)
remains to be Dyey(A) = Diey(A). Thus, (s%,, Ak, ) is a saddle point of the Lagrangian Liey (5,5 A) := Liey(Po(+; 8p); A),

Liev(55i A) < Liev(skyi New) < Liev(8p; Ny) forall s, € Sand A > 0.
Therefore, the strong duality holds for Problem (9) in the score function space. O
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C.2. Proof of Theorem 5

Proof. We consider Problem (10) in the path distribution space,

minimize  Dgr(qo:7 (" 8¢) || po:7(+))
po-r () S . (19)
subject to  Dkr(qh.7(+; 5;) [| o7 (1)) > bi for i € [m].

qo:7 (zo.T)

po:r (wo:r) Since po.7, qo.7 <K W, we can rewrite the forward KL divergence

Define f(po.r(zo.7)) = qo.r(xo.r)log
Dxui(qo:7 || po:7) as

qo:7\To:
QO:T(‘/EO:T) 1Og 0 T( 0 T)
1

p01T($O:T)M<de:T) = Eu [f(por(zo:r))]

Dxi(qo:7 || po:r) = /

XT+

where B(XT‘H) — [0,00] is the standard Lebesgue measure. Similarly, we define f;(po.r(zo.r)) =
qé.7(xo.1) log %, and thus Dxy(¢¢.1 || po:r) = E,. [ fi(po:r(z0:7)) |. Meanwhile, we explicitly express the proba-

bility constraint for po.r € A(XT+!) as

E, [po:r(zo.r)] = / po:7 (o) p(dxo.r) = 1.

XT+1

To prove strong duality for Problem (19), we prove it for an equivalent formulation of Problem (19),

minimize E, [ f(po.r(zo.7))]
po.Tr €P

subject to  E, [ fi(po.r(zo.r))] > b; fori e [m] (20)

E, [por(zor)] = 1.

The rest follows the same proof steps in the proof of Theorem 2. First, we employ Lyapunov’s convexity theorem to show
that the epigraph for Problem (20) is non-empty and convex, implying that (20) is strongly dual. Second, we translate the
strong duality for Problem (20) to the original problem (19).

To prove strong duality for Problem (20), we introduce some notation as follows. Let pj., be a solution to Prob-
lem (20) and denote By, := Dxr(qo:7(+; 84) || Pup s (-))- The Lagrangian for Problem (19) is given by Ly (po.r(-), A) :=
Lew(po:7(+), A), and its dual function is given by Dgy(A) := miny, . Liy(po:r (), ). Let an optimal dual variable be
A, € argmax, s g Drw(A), and the optimal value of the dual function be D}, := Dr,(\*). From the strong duality of
Problem (20), there exists a pair (6.7, M) such that

Py, = D, or Dxu(qor (5 59) | P () = Drw(AR)-

With Assumption 9, this implies that (55,7 g, A

*
fw

) is a saddle point of the Lagrangian Lg, (po.7(+), A),

Liy(@riw(): ) < Liw(@rw(): Aw) < Liw(por (), Afy) forall por(-) and A > 0.

By Assumption 8, the score function class S is expressive enough, any path distribution pg.7(-) can be represented
as po.r(+; sp) with some s, € S; and vice versa. Thus, we can express py.r g, (+) as po.r(+; sf,) with some sf, € S.
We also note that the dual function Dg,()\) in the path and score function spaces are the same. Hence, the optimal
dual function for Problem (10) remains to be ﬁfw()\) = Dpy(N). Thus, (sf,,\,) is a saddle point of the Lagrangian

Liw(sp; A) = Lew(po:r (@015 5p); A).
Liw(s5;A) < Leg(st: M) < Liw(spi AL,) forall s, € Sand A > 0.

Therefore, the strong duality holds for Problem (10) in the score function space. O
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C.3. Proof of Theorem 6

Proof. We consider Problem (11) in the distribution space,

minimize  Dxr(po:7 () | g7 (45 5¢))
po:7 () ) ) (21)
subject to Eqomp, [¢h(w0:sh) | < € for i€ [m].

po.1(Zo.T)

P g B Since po.7, qo.7 <K 1, we can rewrite the reverse KL divergence

Define f(po.r(zo:7)) := po.r(zo.T)log
Dxr(po || q0) as

Dxi(po.r || gor) = / pO:T($0:T)IOgM
XT+1

qo:T(IO:T)M(d:EO:T) - E#[f(pO;T(JJO:T))]

where B(XT+1) — [0,00] is the standard Lebesgue measure. Similarly, we define fi(po.r(zo.7)) =
po:r(zo.r) [ qb.r(wo.r)dar.r, and thus Eg o py [ gb (w05 s%) | = Eu [ fi(po.r(wo:7)) ]. Meanwhile, we explicitly express
the probability constraint for po.r € A(XT+!) as

E, [por(zor)] = /X merlaonutdner) = 1.

To prove strong duality for Problem (21), we prove it for an equivalent formulation of Problem (21),

minimize E, [ f(po.r(zo.1))]
po.r €P

subject to  E,, [ fi(po:r(zo.r))] < € forie [m] (22)

E, [po.r(zor)] = 1.

The rest follows the same proof steps in the proof of Theorem 1. First, we employ Lyapunov’s convexity theorem to show
that the epigraph for Problem (22) is non-empty and convex, implying that (22) is strongly dual. Second, we translate the
strong duality for Problem (22) to the original problem (21).

To prove strong duality for Problem (11), we introduce some notation as follows. Let pg. 7 ., be a solution to Problem (21)
and denote Py, := Di(P.1revi(-) | 90:7(+5 54)). The Lagrangian for Problem (21) is given by Lyey(po:r(+), A) =
Lievi(po:7 (), A), and its dual function is given by Dyeyi(\) := miny,.,. Lievi(po.7(+), A). Let an optimal dual variable be
Ary € argmaxy s g Dievi(A), and the optimal value of the dual function be D}, := Dievi(AL,;). From the strong duality of

TeV. rev
Problem (21), there exists a pair (5.7 re1> Meyy) SUCh that

F)r:vl = D:;vl or DKL(ﬁS:T,reVI(') ||QO:T(';S(1)) = DTCV](irevl)'

With Assumption 10, this implies that (P§. 7 ey, A\%,1) is a saddle point of the Lagrangian Liev (po.7(+), A),

LreVl(ﬁa:T,revl(')v >‘) < Ll'eVl(ﬁS:T,revl(')5 /_\:evl) < Lrevl(pO;T(‘)7 )‘:evl) for all pO:T(') and A > 0.

By Assumption 6, the score function class S is expressive enough, any path distribution po.7(-) can be represented as
po.7(+; 8p) with some s, € S; and vice versa. Thus, we can express pg.7 e, (*) as po('; syyy) with some s%,,; € S. We
also note that the dual function Drev](/\) in the path and score function spaces are the same. Hence, the optimal dual
function for Problem (11) remains to be Dyeyi(A) = Dien(\). Thus, (s M%) is a saddle point of the Lagrangian
Zrf:vl(5p§ )\) = Erevl(pO:T('§ 3;0)? )\)’

*
revl?

Lien(siti \) < Liewi(8tayi Mewt) < Liewi(8p3 May) forall s, € S and A > 0.
Therefore, the strong duality holds for Problem (11) in the score function space. O

21



Unlearning in Diffusion Models: A Unified Framework with KL Divergence and Likelihood Constraints

C.4. Likelihood Estimation

Lemma 2. Consider qo(-) and ¢i(+) to be the distributions of samples for two diffusion models with score functions sq(z¢,t)
and sgi (x¢,t) respectively. Then the logarithm of the ratio of the probabilities log qb(20)/qo (o) assigned to a given sample
xo by the two models can be written as:

log qi(z0)—log qo(zo) = 5/0 dt (Eq(mm) [HVlogq(xt) — sq(xt,t)Hg — Eq(ai|z0) [HVlogql(act) — 54 (xt,t)HED Wy

where wy is a time-dependent constant related to the noise schedule of the diffusion process.

Proof. We begin with the setting and notation of (Kong et al., 2023). Let p(z,, | ) be a Gaussian noise channel with

Zy = /YT +€

and € ~ N(0, I'), where ~ represents the Signal-to-Noise Ratio (SNR) and p(z) is the unknown data distribution. Then the
log probability of the unknown distribution for a given sample x can be written as an integral (Equation 9 from (Kong et al.,
2023)):

d 1 [ d
—logp(x) = B log(2me) — 5/0 dry <1+ — mmse(z, 7)) (23)

where we define the point-wise mmse as:
~ 2
mmse(z,7) = Bpiey oy [ = 7 (24,7 3] 24)

Note that we can write the training loss of a diffusion model trained with samples from p(z) as minimizing the expected
point-wise mmse, thus Z* (2, ) can be viewed as the optimal diffusion model denoiser. With this in mind, we modify the
notation slightly to write:

mmse(zo,t) = Eq,|a0) [on - i‘\*(xt,t)Hg} . (25)

Furthermore, from (Luo, 2022) we recall that the denoising diffusion loss and the score matching loss are equivalent up to a
time-dependent constant which we denote w; allowing us to write:

mmse(2o,t) = Wi - Eqz,|zo) [HVIogp(:vt) - E*(xt,t)H;} (26)

where s*(-, t) is the minimizer of the score matching 1oss Ey () Eq(z,|z0) {HV log p(x+) — S(x¢, t) ||§} . Thus, if we consider

two distributions p; (o), p2(zo) we can write:

log p2 (o) — log p1(z0)

1 o0
= 5/ dt (mmseq (z, t) — mmsey (x4, t))
0
1 > “~k “~k
= 5 [ @t (B [IV 108 p1(00) = 530 O3] ~ Eatatan (19 108 p2(e0) = 5301, 1) 3] )

0

Again, from (Luo, 2022) we know:
\/ -TO — Xt (27)

Vlogp(z:) = 1—a,

where «; represents the noise schedule, allowing us to compute the integral. O
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D. Algorithms

Here we detail the primal-dual algorithms discussed in Section 3 of the main paper.

D.1. Reverse KL-Constrained Unlearning Algorithm

As discussed in the main paper the algorithm alternates between minimizing the Lagrangian (primal) function, and
maximizing the dual function.

Primal step: In the primal step we minimize the Lagrangian:

Sp

minimize Erev(sp, A) = Dxi(po(:;sp) |l qo(+58q)) — Z)\i (Dxe(po (5 sp) |l a (- sfl)) —b;) (28)

We can estimate the point-wise KL divergences in (28) by sampling trajectories from the model and using the following
result (Lemma 2 from (Khalafi et al., 2025)):

Lemma 3 (Point-wise KL divergence). Assume two score functions sy(z,t) = V1og pi(x), sq(x,t) = Vlog g:(x), where
Pt Gz are two marginal densities induced by two forward diffusion processes, with the same noise schedule, starting from
initial distributions py and qo, respectively. Then, the point-wise KL divergence between two distributions of the samples
generated by running DDIM with s, and s is given by

T

D (po(-35p) [190(-589)) = D Bt By mopu(sy) | 8p(@e:) = sq(ae B)ll3 | + er (29)
t=0

where Wy is a time-dependent constant, and e is a discretization error that depends on the total number of diffusion time
steps T’ and goes to zero as T — oo

We can then minimize the weighted sum of the KL divergences using standard gradient-based optimization techniques.

Dual step: In the dual step we update the dual multipliers via AT = A + n@ﬁre\,()\), using the fact that the constraint
violations give us a subgradient 9Dy, () of the dual function.

A= (N = na (Deu(po(sp) o (555)) — b)) - (30)

A simple observation regarding the dual update is that if a constraint is not satisfied, we increase the corresponding multiplier.

D.2. Forward KL-Constrained Unlearning Algorithm

Similar to the reverse KL algorithm, we alternate between minimizing the Lagrangian (primal) function, and maximizing
the dual function.

Primal step: In the primal step we minimize the Lagrangian:

Sp

minimize wa(spa A) = Dxr(qor(58¢) [ Por(+58p)) — Z)\i (DKL(qg):T('; 52) | po.r (5 8p)) — bi) . (31)

The forward KL divergence Dky.(qo:7(+; 54) || po:7(+; sp)) is the standard diffusion model training objective which we can
estimate using samples from the distribution g:

Dxw(g0:7( 59) | P07 (5.5p)) = EargnqBa(as o) [[15p(22,1) — Viogg(ar, )[|3] + constant. (32)

The first term on the RHS of (32) is the standard score matching objective with samples from the distribution q. The
Lagrangian then becomes:

LfW(Sa)‘) = EiboNt}Eq(xtlxg) [”‘Sp(xt’ ) VIqu ft, ZA To~qi q($t|lo) [Hsp(xtv )7 V1qui(xtat)||%]

(33)
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which we can minimize using standard gradient-based optimization techniques using samples from ¢ and ¢*.

Dual step: In the dual step, similar to the reverse KL algorithm we simply update the dual multipliers dependent on the
constraint violations:

A= (N = na (Dxu(gbor | poir (5 8p)) — bi))+~ (34)

D.3. Likelihood-Constrained Unlearning Algorithm
The algorithm similarly alternates between primal and dual steps.

Primal step: For the primal step we need to minimize the Lagrangian:

Sp

minimize Ere\,l(sp, A) = Dxi(po:r (s sp) | qor (5 8¢)) + Z i (Ep [qi(xo)] —€i). (35)

We can treat the likelihood of the unlearning distribution ¢*(x¢) as a reward function that can be evaluated for any given
sample using a diffusion model that samples from the distribution ¢*(-). We discuss this in detail in Lemma 2 the result of
which we summarize here:

. 1 & ,
log g5 (20) — 1og o(w0) ~ 5 3 (Egtauteo) |1V 108 (1) = 840, )13] = Eggarfen) || VIoga'(21) = e (@i, )]
t=0

Note we have further approximated the integral in Lemma 2 with a sum over discrete diffusion time steps.

Now that we have a way to estimate the likelihood, the primal minimization becomes the well-known problem of aligning a
diffusion model with a penalty function with the reward being the unlearning likelihood ¢(z() in this case. We can use the
following result from (Fan et al., 2023b) to compute the gradient of the expected likelihood:

T
VoEpy (o) [2(20)] = Epy(zo.r) [Q(ﬂfo)zve log pe(w¢—1 xt)] (36)

t=1
which allows us to minimize the Lagrangian in (35) using gradient-based optimization.

Dual step: For the dual steps we update the dual variables via:

Xi = (N +na (Bp g’ (x0)] —ei)) - (37)
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E. Additional Implementation Details

Here we provide some additional implementation details regarding the experiments discussed in Section 4. All experiments
were run on an NVIDIA B200 GPU.

E.1. Likelihood-Constrained Unlearning
E.1.1. GAUSSIAN MIXTURE UNLEARNING

For the Gaussian mixture unlearning experiments we trained diffusion models with ResNet (He et al., 2015) networks as
denoisers. We used a DDPM (Ho et al., 2020) scheduler with 7" = 100 diffusion time steps. For the reverse KL baseline,
we set the dual update learning rate to O to essentially minimize the Lagrangian with a fixed multiplier A, and we ran for
different values of A ranging from 0.01 to 1.0. For the Likelihood constrained approach we ran for different constraint
thresholds ranging from 0.05 to 1.0. The likelihood is normalized such that the expected likelihood of the unlearn concept is
approximately 1.0 when evaluated over samples of the initial pretrained model.

The constraint thresholds are chosen by multiplying the expected likelihood of the unlearning evaluated on samples from the
pretrained model, by a factor.

We also note that since Lemma 2 allows the estimation of ratio of likelihoods, we consider the likelihood of the distribution
that is proportional to ¢*(z)/gpre (), where gyre(z) is the pretrained model.

The full list of important hyperparameters is listed in Table 1.

Table 1. Hyperparameters for constrained likelihood vs fixed weight reverse KL diffusion unlearning experiments. Used for producing the

results in Figure 4.

Category Hyperparameter Value
Training Number of epochs (Nepochs) 100
Batches per epoch 1
Primal learning rate (1,) 2x 1074
Dual learning rate (1,4) 0/0.1
Primal steps per dual step )
Primal batch size 128
Gradient accumulation steps 1
Optimizer AdamW
LR schedule Cosine w/ warmup
Diffusion Number of diffusion steps (1)) 100
Inference steps 10
Noise scheduler DDPM
noise scheduler Biart 1x10~*
noise scheduler SGeng 2x 1072
Model architecture ~ Model ResNet Diffusion Model
Input dimension (Z4im) 2
Hidden dimension (Agim) 128
Embedding dimension 32
Number of layers 4
Widen factor 2
Time embedding Learned

E.1.2. CONCEPT UNLEARNING WITH STABLE DIFFUSION

We use a distilled version of Stable Diffusion v1.4 for these experiments. We fine-tune the parameters of LoRA adapters (Hu
et al., 2021) added to the cross-attention layers in the diffusion U-Net following the esd-x approach from (Gandikota et al.,
2023).

For computing KID to the retain distribution, we construct a retain set by sampling images from the pretrained model and
keeping those whose likelihood/CLIP score for the unlearn concept is lower than a certain threshold i.e., samples in which
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Table 2. Hyperparameters for fixed weight concept erasure baseline (unconstrained) and Likelihood-constrained unlearning sweeps. Used
for producing the results in Figure 5.

Category Hyperparameter Value
General Base model huggingface/nota-ai/bk-sdm-tiny
Mixed precision FP16
Number of epochs 30
Training batch size 8
Gradient accumulation steps 1
Learning rate 5x 1074
Optimizer Adam
LoRA rank (r) 8
LoRA scaling («) 8
Primal steps per dual step 2
Diffusion / sampling Inference steps (train) 20
Noise samples per timestep for likelihood estimation 8
Expected Likelihood Evaluation batch size 16
Retain set generation Number of retain images 1000
clip threshold factor 0.95
likelihood threshold factor 1.0
Unconstrained Baseline  Dual learning rate (1,4) 0
Fixed multiplier sweep values {0.01,0.1,0.2,0.3,0.5,0.75,
1.0,1.5,2.0,2.5,3.0,5.0}
Likelihood-constrained ~ Dual learning rate (n4) 1073
Constraint threshold (¢) Ixf
threshold scaling factors () {0.70,0.71,...,0.95}

the unlearn concept does not appear. The threshold is the expected likelihood/CLIP over samples from the pretrained model
multiplied by a factor.

Similarly the likelihood constraint thresholds were chosen by multiplying the expected likelihood of the unlearn concept
for the pretrained model () by factors smaller than 1. We highlight that since Lemma 2 allows the estimation of ratio of
likelihoods, we consider the likelihood of the distribution that is proportional to gp,e(, ¢;)/qpre (), Where g, () is the
unconditional pretrained distribution of Stable Diffusion and gy, (z, ¢;) is conditioned on the unlearning concept ¢;.

We also note that, unlike the Gaussian case where the likelihood constraint is reliably satisfied regardless of threshold level,
for Stable Diffusion, optimizing the expected likelihood is challenging as the loss sometimes diverges. In Figure 5 we report
only the convergent runs.

The full list of important hyperparameters is listed in Table 2.

E.2. Forward KL-Constrained Unlearning

For forward KL constrained unlearning we unlearn specific samples from a model pretrained on the CelebA—-HQ dataset.
Our implementation is based on modifying that of (Alberti et al., 2025), namely, SISS without importance sampling, to
incorporate dual updates.

For the unconstrained baseline, we use the same fixed multiplier A for all the unlearning samples. We sweep A over a
range from 0.05 to 0.5 to observe SSCD values from 1.0 (almost no unlearning) to around 0.3 which by visual inspection
represents complete unlearning of the memorized sample.

We compute the SSCD score between two images: the original image sample we wish to unlearn from the model, and the
image obtained by adding noise to the unlearning sample up to time step ¢ = 200 and then denoising using the model to see
how closely it can recover the original sample. This comparison is visually represented in Figure 2, Left.

The full list of important hyperparameters is listed in Table 3.
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Table 3. Hyperparameters for forward KL constrained data unlearning experiments on CelebA-HQ data samples. Used to obtain the
results in Figures 2, 3.

Category Hyperparameter Value
General Dataset CelebA-HQ (256 x 256)
Pretrained model google/ddpm-celebahg-256
Diffusion time steps T’ 1000
Training Epochs 200
Train batch size 2
Gradient accumulation steps 16
Effective batch size 32
Learning rate (7)) 5x 1076
Dual learning rate (14) 5x 1072
Optimizer Adam
Constraints Constraint type Forward KL divergence
Threshold values {0.0025, 0.005, 0.0075, 0.010, 0.015, 0.02, 0.03}

Unconstrained  fixed multiplier sweep values  {0.01, 0.015, 0.02, 0.025, 0.030, 0.035, 0.04, 0.045, 0.05}

E.3. Reverse KL-Constrained Unlearning

Dual-Only Algorithm. For the reverse KL experiments we modify the algorithm slightly. We can skip the primal step in
the algorithm discussed in Appendix D.1, by observing the fact that we already know from section 2.1 that for a given A the
optimal primal minimizer is given by

IO A

ACYRIHINCHO)

Since we have access to the score functions of ¢(-), and the scores of the individual unlearning distributions ¢*(-), we can
bypass the primal step and directly do the dual updates in (30).

a5\ =

This dual-only algorithm allows us to find the optimal multipliers A* that satisfy the unlearning reverse KL constraints. If
needed, the model weights can then be fine-tuned so that the distribution of generated samples fits qI (-; A*). Khalafi et al.
(2025) propose a similar dual-only algorithm to find the optimal weights for diffusion model composition.

To choose the constraint thresholds, we first estimate the reverse KL between the pretrained model, and each of the individual
unlearning concepts. Then we set the threshold as the average of these KL divergences, multiplied by a factor.

For the fixed equal weight, unconstrained baseline, we choose all dual multipliers to be equal, and across runs we sweep the
multiplier values so that the sum of the dual multipliers, A" 1, goes from 0 to 0.95. Recall from Section 2.1 that to avoid
degenerate solutions we need A" 1 < 1.

Table 4. Hyperparameters for reverse KL constrained unlearning experiments with dual-only algorithm. Used to obtain the results in
Figure 6.

Category Hyperparameter Value
General Base model Stable Diffusion v1.4
Prompt structure 1 retain prompt + multiple unlearn prompts
Example prompt “a photo of a dog, a golden retriever, a german shepherd, a brown dog”
Training Epochs (heuristic b sweep) 75
Training batch size 8
Primal learning rate 1074
Dual learning rate (14) 0.02
Diffusion / sampling Guidance scale 7.5
Inference steps 10
Dual / constraint settings KL type Pathwise

Multiplicative threshold factor {2,3,4,5,6,7,8,9,10,12, 15}
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